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Toric foliations with split tangent sheaf
Sebastia´n Velazquez
Abstract
We study holomorphic foliations of aribitrary codimension in smooth
complete toric varieties. We show that split foliations are stable if some
good behaviour of their singular set is provided. As an application of
these results, we exhibit irreducible components of the space of folia-
tions that arise as pullbacks of some special T -invariant divisors.
1 Introduction
This article deals with holomorphic foliations in smooth complete varieties.
More specifically, we will address the problem of understanding the geom-
etry of the moduli space of codimension q foliations Fq(X,L) by means of
studying the family of foliations whose tangent sheaves split as a sum of line
bundles.
Toric varieties have proven to be a rich class of examples in algebraic
geometry. This is mainly due to the fact that its geometry is encoded in a
combinatorial object, namely its fan. Moreover, the appropiate use of Cox
coordinates makes calculations on these varieties even more feasible.
This work was mainly motivated by [1]. There, the authors show that the
set of foliations with split tangent sheaf has non trivial interior in Fq(P
n, d)
by means of giving sufficient conditions for a foliation to belong to this
particular set. In the case of foliations of codimension 1, we will use ideas of
[2] in order to prove the natural generalization of these results to our setting:
Theorem 1.1. Let
0 −→ I(F) −→ Ω1X×S|S −→ Ω
1
F −→ 0
be a flat family of codimension 1 integrable Pfaff systems. Suppose further
that 0 → I(F)s → Ω
1
X → Ω
1
F → 0 defines a foliation with split tangent
sheaf. If S(F)\K(Fs) have codimension greater than 2, then every member
of the family defines a split foliation.
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The author was not able to apply the same ideas to the case where
the codimension is greater than one. It turned out, however, that some
modifications of the constructions in [1] led to the proof of the analogous
statement for codimension q distributions:
Theorem 1.2. Let q ≥ 2 be an integer, X a complete toric variety of
dimension n ≥ 3 and α1, . . . αn−q ∈ Pic(X). Then for every distribution
D ∈ Dq(X,
∑
αi) satisfying
T D ≃
n−q⊕
i=1
OX(αi)
there exists a Zariski open set U ⊆ Dq(X,
∑
αi) containing D such that
T D′ ≃
n−q⊕
i=1
OX(αi)
for every D′ ∈ U .
As an application of these results, we will show that the set of foliations
which arise as a linear pullback of a foliation in some special T -invariant
subvariety fills out irreducible components of Fq(X,L). More specifically,
we will prove:
Corollary 1.1. Let X be a complete toric variety of dimension n ≥ 3. Let
S ⊆ {1, . . . , n+ s} be a set of maximal elements such that dim(
⋂
i∈S Di) ≥
2. Then for every irreducible component C ⊆ Fq(
⋂
i∈S Di, β) such that
its generic element satisfies the hypothesis of Theorem 3.3 (for q = 1) or
Theorem 3.4 (for q ≥ 2), the closure of its pullback by equivariant linear
morphisms is an irreducible component of the corresponding moduli space
Fq(X,L).
In particular, this shows that every smooth complete toric variety admits
a pullback component in Fq(X,L) for a suitable line bundle.
Acknowledgements. The author is very grateful to Fernando Cukier-
man, Federico Quallbrunn and Ce´sar Massri for their useful comments and
suggestions.
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2 Preliminaries
2.1 Toric varieties and Euler sequences
In this section we discuss all the facts concerning toric varieties that will be
used afterwards. For more details see [3]. We will follow the notation used
in [3].
Let X = XΣ be the toric variety associated to the fan Σ in R
n and M
the character lattice of its torus T . We will assume that X is smooth and
complete (or equivalently, that Σ covers Rn and every the set of rays of
every cone in can be extended to a basis of Zn). Recall that the subgroup
DivT (X) of divisors that are fixed by the torus action is freely generated by
the elements Di associated to the rays of Σ, i.e., it is isomorphic to Z
n+s,
where n+ s is the number of rays in Σ.
The morphism M → DivT (X) sending m 7→ div(χ
m) together with the
restriction of the quotient map DivT (X)→ Pic(X) fit together in the exact
sequence
0 −→M −→ DivT (X) −→ Pic(X) −→ 0.
This is the very basis of the construction of homogeneous coordinates: ap-
plying the functor Hom(−,C∗) (notation: G = Hom(Pic(X),C∗)) we get
1 −→ G −→ (C∗)n+s −→ T −→ 1,
which is also exact. With this in mind, we can think of T as the quotient of
(C∗)n+s by the subgroup G. The construction of homogeneous coordinates
in the sense of [4] is just an extension of this presentation, i.e., a good
geometric quotient pi : Cn+s \ Z → X such that the diagramm
1 // G // (C∗)n+s //
 _

T // _

1
G // Cn+s \ Z pi
// XΣ
commutes.
Remark 2.1. Since X is smooth and has a point that is fixed by the torus
action (or equivalently, Σ has a cone of dimension n) we can assure that
Pic(X) is free and therefore G ≃ (C∗)s.
The details of the construction of such quotient will not be explained here.
The reader that is not familiarized with these ideas is referred to [Chapter
5, [3]]. However, one can not fail to mention that Z is just a union of linear
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coordinate subspaces and satisfies codim(Z) ≥ 2. This last fact tells us that
the coordinate ring of Cn+s \ Z is the polinomial ring C[x1, . . . , xn+s].
It can be proved that the character lattice of G is actually Pic(X). We
will use the notation χα to denote the character induced by α ∈ Pic(X). If
we look closely at the diagramms above we can deduce that the action of G
on Cn+s \ Z is given by
g · (p1, . . . , pn+s) 7−→ (χ
[D1]p1, . . . , χ
[Dn+s]pn+s).
This action can also be described in a more concrete way: if we pick an
isomorphism Pic(X) ≃ Zs and dualize it we can replace the embedding
G −→ (C∗)n+s by a group homomorphism F : (C∗)s −→ (C∗)n+s, so we
can think of the image of this morphism acting on Cn+s \ Z by diagonal
matrices:
(t1, . . . , ts) · (p1, . . . , pn+s) = (t
a11
1 . . . t
as1
s p1, . . . , t
a1n+s
1 . . . t
asn+s
s pn+s).
At the level of coordinate rings, this action can be simultaneously diag-
onalized, i.e., we get a decomposition
C[x1, . . . , xn+s] =
⊕
α∈Pic(X)
Sα,
where Sα = {f ∈ C[x1, . . . .xn+s]|f(g·x) = χ
α(g)f(x)}. The ringC[x1, . . . , xn+s]
equipped with this grading is the Cox ring of X. A good feature of this grad-
ing is that there are natural isomorphisms
H0(X,O(D)) ≃ S[D].
Remark 2.2. It is actually easy to calculate the degree of an element since
the coordinate functions satisfy deg(xi) = [Di].
With respect to the theory of foliations, tha main advantage of having
homogeneous coordinates is the generalized Euler sequence
0 −→ Ω1X −→
n+s⊕
i=1
OX(−Di) −→ Pic(X) ⊗Z OX −→ 0
and its dual
0 −→ O⊕sX −→
s⊕
i=1
OX(Di) −→ TX −→ 0.
The first arrow in the second sequence corresponds to linear vector fields
Rt =
n+s∑
i=1
atixi
∂
∂xi
1 ≤ t ≤ s
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of degree zero. As in the projective case, we will say that the degree of
a differential form ω = fdxi is deg(ω) = deg(f) + deg(xi). Analogously,
the degree of an affine vector field Y = g ∂∂xj is deg(Y ) = deg(g) − deg(xj).
With this in mind, one can read the first sequence in the following way:
the differential forms in X can be written in homogeneous coordinates as
homogeneous forms ω satisfying ıRtω = 0 for each radial vector field. Of
course, this description extends to arbitrary q-forms. On the other hand, we
can describe twisted vector fields Y ∈ H0(X,T X(α)) in affine coordinates of
the form Y =
∑
gj
∂
∂xj
with deg(gj) = α+ deg(xj). For a similar treatment
of these topics (in the case of 1-dimensional foliations) see [5].
Example 2.1. Pn = Pn(C). One can think of the classical projective space
as the toric variety associated to a complete fan Σ in Rn with set of rays
Σ(1) = {e1, . . . , en,−e1 − · · · − en}. If we apply the above construction to
this case we get the classical presentation Pn ≃ Cn+1 \ {0}/C∗.
Example 2.2. Let X = Blp(P
n) be the blow-up of the usual projective
space at a point, say p = [0 : · · · : 0 : 1]. Toric geometry provides a natural
way of blowing up T -invariant subvarieties, namely the star subdivision of
the corresponding cone (see Chapter 3, [3]). By these means, we get a
geometric quotient
Blp(P
n) ≃ Cn+2 \ Z/(C∗)2,
where (t1, t2) · p = (t1p1, . . . , t1pn, t1t2pn+1, t2pn+2) and Z is the union of
the linear varieties V (xn+1, xn+2) and V (x1, . . . , xn). Also, the set of T -
invariant divisors consists of the excepcional divisor and the closure of the
usual hyperplanes in Pn. Its Picard group is therefore isomorphic to Z2 and
the grading can be defined by deg(xi) = (−1, 1), deg(xn+1) = (1, 0) and
deg(xn+2) = (0, 1).
Example 2.3. The Hirzebruch surface Hr is the toric variety defined by the
complete fan with rays Σ(1) = {e1, e2,−e2,−e1 + re2}. In this case, Cox’s
presentation is
Hr ≃ C
4 \ Z/(C∗)2,
where Z = V (x1, x4) ∪ V (x2, x3) and the action of (C
∗)2 is defined by
(t1, t2) · p = (t1p1, t2p2, t
r
1t2p3, t1p4). As for the grading, its Picard group
is isomoprhic to Z2. Under an appropiate isomorphism, we have
deg(x1) = (0, 1),deg(x2) = (1, 0),deg(x3) = (1, r) and deg(x4) = (0, 1).
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2.2 Distributions and Foliations
A singular holomorphic distribution of codimension q in X is a subsheaf T D
of T X such that the quotient ND := TX/T D is a torsion-free sheaf of rank
q. A singular holomorphic foliation of codimension q is a distribution closed
under Lie bracket, i.e., [T F ,T F ] ⊆ T F .
A Pfaff system of codimension q is a subsheaf I(D) of Ω1X such that the
corresponding quotient Ω1D is torsion-free of rank q. We will say that I(D)
is integrable if d(I(D)) ∧
∧q I(D) = 0 ⊆ Ωq+2X .
These objects are dual to each other. For instance, dualizing the codi-
mension q distribution
0→ T D → TX → ND → 0
one gets an exact sequence of the form
0→ N ∗D → Ω
1
X → T
∗
D → Ext
1(ND,OX)→ 0.
Breaking it into two exact sequences gives rise to the Pfaff system
0→ N ∗D → Ω
1
X → Ω
1
D → 0.
By Frobenius Theorem, the involutivity conditions dualizes to the integra-
bility equation. In a more classic manner, every distribution of codimension
q can also be described as the annhiliator of a unique locally decomposable
differential q form ωD ∈ H
0(X,ΩqX(α)) for a suitable α ∈ Pic(X). We
will call α the degree of such distribution. The decomposability of ωD is
equivalent to
(1) ıv(ωD) ∧ ωD = 0 ∀v ∈
q−1∧
T Cn+s.
Also, by Frobenius Theorem, the distribution is actually a foliation if and
only if
(2) ıv(ωD) ∧ dωD = 0 ∀v ∈
q−1∧
T Cn+s.
The singular set of D is defined as the zero-locus of ωD, i.e.,
S(D) := {ωD(x) = 0}.
An element x ∈ S(D) is called a Kupka point if d(ωD)(x) 6= 0. We will
denote by K(D) the set of Kupka points of D. With the above definitions
already settled, we can consider the moduli spaces
Dq(X,α) = {[ω] | ω satisfies (1) and codim(S(ω)) ≥ 2} ⊆ PH
0(X,ΩqX(α)),
Fq(X,α) = {[ω] ∈ Dq(X,α) | ω satisfies (2)}
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whose points parametrize distributions and foliations of degree α respec-
tively.
A codimension q distribution D is said to be split if its tangent sheaf
splits as a sum of line bundles, i.e.,
T D ≃
n−q⊕
i=1
OX(αi).
Of course, split foliations are integrable split distributions. Observe that
each line bundle defines a morphism OX(αi)→ T X that can be represented
by a twisted vector field Xi ∈ H
0(X,T X(−αi)). It follows that every stalk
T Dx is the free OX,x-module generated by {X1, . . . ,Xn−q} and therefore
ωD = ıX1 . . . ıXn−q ıR1 . . . ıRsΩ ∈ H
0(X; ΩqX(β)),
where Ω stands for the natural affine volume form and β =
∑
i αi+deg(xi).
We will use the notation ıX = ıX1 . . . ıXq and ıX̂i = ıX1 . . . ı̂Xi . . . ıXq in order to
make calculations more feasible. A good feature of split distributions is that
its singular set S(D) is a very particular determinantal variety. Let A(X) be
the matrix whose columns are the coefficients of X1, . . . ,Xn−q, R1, . . . , Rs.
By duality,
(ıX∧RΩ) (p) = 0⇔ X ∧R(p) = 0.
Then the (set-theoretical) singular set coincides with the locus where the
vector fields are linearly dependent, i.e., the set where the rank of A(X)
drops. Equivalently,
S(D) = V
(
δ1, . . . , δ(n+sq )
)
where the δi’s are the (n+ s− q)× (n+ s− q)-minors of A(X). The follow-
ing proposition follows directy from Hilbert-Schaps Theorem (Theorem 5.1,
[11]):
Proposition 2.1. Let D be a codimension 1 split distribution in a complete
toric variety satisfying codim(S(D)) = 2. Then S(D) ⊆ Cn+s is Cohen-
Macaulay.
With this in mind, we can give a description of the singular set of a
generic codimension 1 split foliation in terms of its Kupka set in the following
way:
Proposition 2.2. Let F be a codimension 1 split foliation in a complete
toric variety satisfying codim(S(F)) = 2 and codim(S(F) \ K(F)) ≥ 3.
Then S(F) = K(F).
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Proof. By Proposition 2.1, the singular locus of F is equidimensional. Also,
the Kukpa set of an holomorphic foliation on a complex manifold of dimen-
sion n ≥ 3 is a smooth subvariety of codimension 2 whenever codim(S(F)) ≥
2 (see Proposition 1.4.1 in [12]). In particular, the hypothesis on the codi-
mension of S(F) \K(F) implies that S(F) = K(F)
3 Stability
3.1 Split foliations
In this section we will prove the stability results regarding split foliations
stated in the introduction.
In [Section 9, [2]], the author makes a quite short proof of the stability
of codimension 1 foliations in projective spaces. Loosely speaking, the key
point of the argument is to observe that the problem of stability becomes
much easier after dualizing (i.e., taking anhiliators). In order to do so, we
first have to assure that a generic split foliation belongs to the open set
where the morphism InvX 99K iPfX is a rational equivalence (here InvX
and iPfX denote the moduli spaces of involutive/integrable subsheaves of
T X and Ω1X respectively. For more details on these objects the reader is
referred to [Section 6, [2]]). The same argument works just fine for smooth
complete toric varieties.
Our main tools will be theorems 7.8 and 8.13 in [2]:
Theorem 3.1. [2] Assume we have two dual families
0 −→ I(F) −→ Ω1X|S −→ Ω
1
F −→ 0(1)
0 −→ T F −→ TSX −→ NF −→ 0(2)
sastisfying the following conditions:
1. The families 3 and 4 are dual to each other.
2. NF is torsion free (or equivalently Ω
1
F is torsion free).
3. They are codimension 1 families.
4. S(F) is flat over S.
Then 3 is flat if and only if 4 is flat.
This last theorem guarantees the good behaviour of flatness under duality
if flatness of the singular scheme of the family is provided. This will be our
case, as the following theorem shows.
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Theorem 3.2. [2] Let
0 −→ I(F) −→ Ω1X|S −→ Ω
1
F −→ 0
be a flat family of integrable Pfaff systems, for s ∈ S consider the Pfaff
system 0 → I(F)s → Ω
1
Xs
→ Ω1Fs → 0. If S(Fs) is without embedded
components and S(F) = K(Fs)∪{p1, . . . , pm} where the pi’s are Reeb-type
singularities, then S(F)→ S is flat in a neighbourhood of s ∈ S.
The stability of codimension 1 split foliations can be formulated in the
following way:
Theorem 3.3. Let
0 −→ I(F) −→ Ω1X×S|S −→ Ω
1
F −→ 0
be a flat family of codimension 1 integrable Pfaff systems. Suppose further
that 0 → I(F)s → Ω
1
X → Ω
1
F → 0 defines a foliation with split tangent
sheaf. If S(F)\K(Fs) have codimension greater than 2, then every member
of the family defines a split foliation.
Proof. Combining Proposition 2.2 with Theorem 3.2, we get that S(F) is
indeed flat over S.
Recall that the equivalent classes of first order deformations of the sheaf
T Fs is in one-to-one correspondence with the group Ext
1
X(T Fs,T Fs) (see
[Theorem 2.7,[13]]). Since, I(F)s defines a split foliation on X, this group
is actually trivial:
Ext1X(T F ,T F) = Ext
1
X(
n−1⊕
i=1
O(αi)),
n−1⊕
j=1
O(αj)))
≃
⊕
i,j
Ext1X(OX ,OX(αj − αi))
≃
⊕
i,j
H1(X,O(αj − αi)) = 0,
where the last equality holds by Demazure Vanishing Theorem (see [7]).
Applying theorem 3.1 wee see that 0 → T F → TSX → NF → 0 is also
flat and therefore is a (trivial) deformation of T Fs. In particular, every
member of the family defines a split foliation.
Unfortunately, we were not able to apply these techniques in the case
where the codimension is greater than one. Nevertheless, some of the insights
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in the constructions in [1] are useful for our purposes. We will use the same
algebraic parametrization of the set of split distributions and show that its
differential at a generic point is surjective. This same strategy was also used
in [8], [9] and [10].
Let 1 ≤ q ≤ n be an integer and α1, . . . , αn−q ∈ Pic(X). Consider the
multilinear morphism
Φ :
n−q⊕
i=1
H0(X,T X(−αi)) −→ H
0(X,ΩqX(β))
defined by (X1, . . .Xn−q) 7−→ ıXıRΩ. The differential of Φ at X is
dΦ(X)(Z1, . . . , Zn−q) =
n−q∑
j=1
(−1)j−1ıZj ıX̂j ıRΩ.
Let U be the open set of H0(X,ΩqX(β)) where codim(S(D)) ≥ 2. The set
of split distributions with splitting type (α1, . . . , αn−q) coincides with the
image of Φ|Φ−1U , which contains an open set of Dq(X,β):
Theorem 3.4. Let q ≥ 2 be an integer, X a complete toric variety of
dimension n ≥ 3 and α1, . . . αn−q ∈ Pic(X). Then for every distribution
D ∈ Dq(X,β) satisfying
T D ≃
n−q⊕
i=1
OX(αi)
there exists a Zariski open set U ⊆ Dq(X,β) containing D such that
T D′ ≃
n−q⊕
i=1
OX(αi)
for every D′ ∈ U .
Before proving this result, let us first state the following division lemma:
Lemma 3.1. Let X1, . . . ,Xm−q be polynomial vector fields on C
m. Suppose
X1 ∧ · · · ∧ Xm−q 6= 0 and take α ∈ Ω
q(Cm) satisfying
ıXi ıXjα = 0
for every 1 ≤ i, j ≤ m−q. Then there are rational vector fields Y1, . . . , Ym−q
such that
α =
m−q∑
i=1
ıYiıX̂iΩ.
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Proof. Since X1 ∧ · · · ∧ Xm−q 6= 0, we can choose holomorphic vector fields
Xm−q+1, . . . ,Xm such that X1∧· · ·∧Xm 6= 0. For every I ⊆ {1, . . . , n} define
XI =
∧
i∈I Xi, where the Xi’s are ordered in the natural way.
By duality, we can write α = ıZΩ for some polynomial q-vector field Z.
Our hypothesis about α can be written as
ıXiıXjα = ıXi∧Xj∧ZΩ = 0,
so Xi ∧ Xj ∧ Z = 0 for every 1 ≤ i, j ≤ m − q. The family of l-vectors
{XI ; I ⊆ {1, . . . ,m}; |I| = l} is a basis of the space of rational l-vector fields
as a C(X1, . . . ,Xm)- vector space for every l, so we can write Z as
Z = Z1 + · · ·+ Zm−q
where each rational vector field Zk is of the form
Zk =
∑
|I∩{1,...m−q}|=k
fIXI .
If we look closely at the equation
Z ∧Xi ∧ Xj = Z
1 ∧ Xi ∧ Xj + · · ·+ Z
m−q ∧ Xi ∧ Xj = 0
we can deduce that each term of the sum must equal zero (the XI ’s appearing
in each term are different). This is
0 = Zk ∧ Xi ∧ Xj =
∑
|I∩{1,...m−q}|=k
fIXI ∧ Xi ∧ Xj .
By the same argument, we get that fIXI ∧Xi ∧Xj = 0 and therefore fI = 0
or {i, j} ∩ I 6= ∅. Since i and j are arbitratry, the equality Zk = 0 holds for
k < m− q − 1. Dualizing again one gets the desired expression for α.
Remark 3.1. If the Xi’s are homogeneous vector fields, each Yi turns out
rational (by construction). Moreover, we can take each one of them homo-
geneous with deg(Xi) = deg(Yi).
Proof. (Theorem 3.4) Let D = [ω] ∈ PH0(X,Ω1X(β)) be the class of a
differential q-form satisfying the conditions of the theorem. Let X1, . . . ,Xn−q
be homogeneous vector fields such that
ω = ıXıRΩ.
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Now let η be an element of the tangent space of Dω in Dq(X,β), i.e., an
homogeneous q-form of degree β satisfying the equation
ıv(η) ∧ ω + ıv(ω) ∧ η = 0 ∀v ∈
q−1∧
T Cn+s.
If we restrict the equation above to the elements of the form v = Xi ∧ β and
contract with Xj we get
(
ıXj ıXiıβη
)
ω = 0 ∀β ∈
q−2∧
T Cn+s.
This means ıβ
(
ıXiıXjη
)
= 0 for every β ∈
∧q−2 T Cn+s and therefore ıXiıXjη =
0. Recall that since η descends to X we also have ıRtη = 0 for 1 ≤ t ≤ s.
We can now apply Lemma 3.1 in order to get a description of η of the form
η =
n−q∑
i=1
ıYi ıX̂iıRΩ+
s∑
t=1
ıZt ıXıR̂tΩ
for rational vector fields Y1, . . . , Yn−q, Z1, . . . , Zs. But then
ıRjη = ±ıZjω = 0,
so Zj ∈ ker(ω), which is generated by X1, . . . ,Xn−q, R1, . . . , Rs. It follows
that the second term of the sum is actually in the direction of ω:
η =
n−q∑
i=1
ıYiıX̂i ıRΩ+ gω.
We will now see that our hypothesis on D implies that every element in the
previous line can be taken holomorphic.
On the contrary, suppose one of the Yi’s has a pole along the divisor Z
and denote z it’s generic point. Let f be a prime element in the local ring Oz
and write N = min{ordZ(g),min{ordZ(Yi)}} < 0. Since codim(S(D)) ≥ 2,
at least one of the maximal minors of the matrix A(X) does not vanish on
Z. If {i1, . . . , iq} is the set of columns of A not appearing in such minor, for
Ej =
∂
∂xij
we have {E ∧ X ∧R 6= 0} ∩ Z 6= ∅. Also, we can assume without
loss of generality that Yi =
∑q
j=1 f
i
jEj . Evaluating f
−Nη along Z one gets
0 = f−Nη =
n−1∑
i=1
f−N ıYiıX̂i ıRΩ+ f
−Ngω
=
n−1∑
i=1
q∑
j=1
f−Nf ij
(
ıEj ıX̂iıRΩ
)
+ f−Ng (ıXıRΩ)
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so it follows that f−Ng = f−Nf ij = 0 on Z ∩ {E ∧ X ∧ R 6= 0} for every i
and j. In particular, ordZ(f
i
j) > N , which contradicts the choice of N .
Now that we know that the elements in the description of η have no poles,
we can deduce by looking at the degrees that deg(g) = 0 and therefore g ∈ C.
Since gω = 0 in TDωDq(X,β), we can conclude that η =
∑n−q
i=1 ıYiıX̂i ıRΩ is
actually in the image of the differential of Φ at X = (X1, . . . ,Xn−q).
The previous calculations tell us that the differential of our parametriza-
tion is generically surjective. As in [1], this is sufficient to assure that the
image of Φ contains a neighbourhood of [Dω] in Dq(X,β).
3.2 Equivariant linear pullbacks
In [1] the stability of split foliations is used to prove that the pullback of
generic degree d foliations by linear morphisms Pn+m 99K Pn fill out compo-
nents of Fq(P
n+m, d). The aim of this section is to generalize this statement
to our setting. First, we shall analyse the ingredients.
In projective spaces, the Di’s are linearly equivalent and every twisted
vector field Z ∈ H0(Pn,T Pn(−Di)) is constant. Moreover, the intersection
of k of them results in a linearly embedded Pn−k. Although this kind of
phenomenon is desirable for our purposes, we cannot aspire to encounter
such behaviour when dealing with arbitrary (not even smooth) toric varieties.
For this reason, we need to emphasize on some special divisors.
The set of effective divisors Eff(X) is the s-dimensional strictly convex
(meaning that it does not contain any non-trivial subspace) closed polyhe-
dral cone generated by the classes of the Di’s (see [14] for a more detailed
discussion on this subject). Thus there is a natural order in Pic(X) defined
by
α  β ⇔ α− β /∈ Eff(X).
Definition 3.1. Let Dj be an invariant T -divisor.Then Dj is maximal if
[Di]  [Dj ] for every 1 ≤ i ≤ n+ s.
Of course, the above definition can also be expressed in terms of global
sections as
dimH0(X,O(Di −Dj)) = 0
for every Dj 6∼ Di. From both perspectives we can deduce:
Proposition 3.1. Every toric variety admits a maximal divisor.
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Remark 3.2. If Di is maximal and linearly equivalent to some Dj , then
Dj is also maximal.
Consider the partition of the set {1, . . . , n+s} = ∆1∪· · ·∪∆r associated
to the equivalence relation given by i ∼ j if and only if Di ∼ Dj . We will
use the notation ∆(i) for the class of i. Now we are able to point at the
families of T -divisors that emulate what is happening in projective spaces:
Of course, maximal divisors behave nicely with respect to taking arbi-
trary products of toric varieties:
Proposition 3.2. Let X1,X2 be smooth complete toric varieties. If D is
maximal in X1 then D ×X2 is maximal in X1 ×X2.
Proof. Recall that the toric variety X1×X2 has T1×T2 as open torus (here
T1 and T2 stand for the respective tori) with the natural action. Clearly,
every T1 × T2-invariant divisor is of the form D × X2 or X1 × D for some
Ti-invariant divisor D. With this in mind, the proposition follows from
Ku¨nneth’s formula.
Example 3.1. As discussed at the beginning of this section, the projective
space Pn has one unique (maximal) class of T divisors.
Example 3.2. Recall from Example 2.2 that the Cox ring of Blp(P
n) is
C[x, . . . , xn+2] with grading deg(xi) = (−1, 1), deg(xn+1) = (1, 0) and deg(xn+2) =
(0, 1). In this case, we see that the only maximal T -divisor is Dn+1 ≃ P
n−1,
which happens to be the only one satisfying p /∈ Di.
This last example is in fact a special case of a general phenomenon, as
the following proposition shows.
Proposition 3.3. Let X be a smooth complete toric variety of dimension
n ≥ 2. If D is maximal in X and p ∈ X \ D is fixed by the torus action,
then D is maximal in Blp(X).
Proof. Without loss of generality, we can assume that p is the distinguished
point corresponding to the cone σ = Cone(e1, . . . , en). In this context, the
hypothesis p /∈ D is equivalent to D not being the divisor associated to any
of the ei’s. Recall that the blow-up Blp(X) → X can be constructed via
the star-subdivision of σ, so the only additional T -divisor associated to the
new rays is the exceptional divisor E associated to the ray generated by
e1 + · · · + en. Since the isomorphism Blp(X) \ E → X \ {p} maps each Di
into itself, the restriction of rational functions induces an injection
H0(Blp(X),OBp(X)(Di −D))→ H
0(X,OX (Di −D)),
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which is zero by hypothesis. As for the exceptional divisor E, the global
sections of OBlp(X)(E−D) restrict to elements in Γ(X,OX (−D)) = 0, which
is also zero since X is complete.
Recall that the preimage of the divisor Di under the quotient morphism
pi is given by the equation {xi = 0} ⊆ C
n+s \ Z. For every set S ⊆ {Di}
consisting of maximal elements we will consider a specific type of projections
X 99K
⋂
i∈S Di. Of course, we need to assume that this intersection is
not empty (or equivalently, that there exists some cone σ ∈ Σ containing
the corresponding rays). If {Tj}j /∈S are linear operators in C
n+s satisfying
deg(Tj) = deg(xj) (this is, Tj depends only of the variables in ∆(j)) we can
define naturally a projection p : Cn+s → V (xk|k ∈ S). The hypothesis on
the degrees guarantees that this morphism is in fact equivariant. Indeed, for
g ∈ G and j /∈ S we have
p(g · x)j = Tj(g · x) = χ
[Dj ](g)T (x)
and therefore p(g · x) = g · p(x). This means that p descends to X, i.e., we
have a commutative diagramm of the form
C
n+s \ Z
pi

p
//❴❴❴ V (xi}i∈S)
pi

X //❴❴❴❴❴
⋂
i∈S Di.
Definition 3.2. Let S ⊆ {1, . . . .n} and p : X 99K
⋂
i∈S Di be a dominant
morphism. We will say that p is an equivariant linear projection if it can be
described as above.
The affine set S(p) ⊆ Cn+s\Z where p is not defined is exactly p−1(Z). In
particular, its codimension coincides with the codimension of Z
⋂
V ({xi}i∈S)
in V ({xi}i∈S), which will be tipically one: we can assume (after applying an
equivariant change of coordinates) that p is actually the standard projection
C
n+s → V ({xi}i∈S). In this case, one can make the explicit calculation and
see that the codimension-one components of S(p) ⊆ X are the T -divisors
Dj not meeting
⋂
i∈S Di.
Now let ω be a twisted differential form such that its zero-locus S(ω) has
codimension at least two and consider its pullback p∗ω. The restriction of
the singular set S(p∗ω) to X \ S(p) is the cone with center S(ω) ⊆
⋂
i∈S Di
and therefore its codimension is at least two. It may be the case, however,
that S(p∗ω) contains some of the codimension-one components of S(p) or
equivalently, that some Xj divides ω (observe that this does not imply that
S(ω) ⊆
⋂
i∈S Di has codimension one, since Dj does not meet
⋂
i∈S Di).
15
Remark 3.3. The set of elements ω ∈ H0(
⋂
i∈S Di,Ω
q(β)) such that S(p∗ω)
has codimension at least 2 for every equiariant linear projection p is Zariski
open.
Now we are able to describe foliations whose splitting type involves max-
imal elements.
Combining Theorem 3.3 and Theorem 3.4 with the elements in the proof
of the last proposition, we are able to point out some specific (not just
”split”) irreducible components of the moduli space of foliations. Keep in
mind that every foliation in a surface is split.
Corollary 3.1. Let X be a complete toric variety of dimension n ≥ 3. Let
S ⊆ {1, . . . , n+ s} be a set of maximal elements such that dim(
⋂
i∈S Di) ≥
2. Then for every irreducible component C ⊆ Fq(
⋂
i∈S Di, β) such that
its generic element satisfies the hypothesis of Theorem 3.3 (for q = 1) or
Theorem 3.4 (for q ≥ 2), the closure of its pullback by equivariant linear
morphisms is an irreducible component of the corresponding moduli space
Fq(X,L).
Proof. For an equivariant linear projection p and a foliation G in
⋂
i∈S Di
with tangent sheaf
T G ≃
n−|S|−q⊕
i=1
O(αi),
then the tangent sheaf of its pullback F = p∗G is
T F ≃
n−|S|−q⊕
i=1
O(p∗αi)
⊕(⊕
i∈S
OX(deg(xi))
)
,
where the new terms correspond to the fibers of p. Moreover, we can deduce
from remark 3.3 that the codimensions of S(G) and S(G) \ K(G) coincide
with the codimensions of S(G) and S(F) \K(F) respectively, provided that
G is generic (in the sense of Remark 3.3). In particular, if G satisfies the
hypothesis of Theorem 3.3 or Theorem 3.4, then so does F .
Now if F ′ is sufficently close to F in Fq(X,α), then by the theorems
above they must have the same splitting type. The terms of the form
O(deg(xi)) correspond to morphisms O → TX(− deg(xi)), i.e., homoge-
neous vector fields Xi satisfying deg(Xi) = − deg(xi). This is,
Xi =
n+s∑
j=1
gij(x)
∂
∂xj
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for homogeneous polynomials gij satisying deg(g
i
j) − deg(xj) = − deg(xi).
Our hypothesis on ∆(i) being maximal simplifies the situation in the follow-
ing way: since gij ∈ H
0(X,O(Dj −Di)), we have g
i
j ∈ C. Moreover, g
i
j = 0
for every j /∈ ∆(i).
Consider the |S|×(n+s) matrix X whith rows gi1, . . . , g
i
n+s. There must
be some subset of {1, . . . , n+s} of size |S| for which the corresponding minor
does not vanish (otherwise the tangent sheaf would not have the expected
rank). This means that after an equivariant change of coordinates we can
suppose that our vector fields satisfy { ∂∂xj }j∈S ⊆ {X1, . . . ,Xk}. Without
loss of generality, we can suppose that the vector fields Yi corresponding
to the other terms in the splitting type of F are orthogonal to the Xi’s.
Since this last condition is mantained under Lie bracket, these new vector
fields define a sub-foliation G′′ of F whose leaves are parallel to V (xi|i ∈ S).
Taking G′ = G′′|V (xi|i∈S) we get a foliation in
⋂
i∈S Di satisfying S(F
′) =
q−1(S(G′)), where q stands for the natural projection. The foliation G′
satisfies codim(S(G′)) = codim(S(F ′)) and T F ′|X\S(q) = T q
∗G′|X\S(q) so
we must have F ′ = q∗G′.
Remark 3.4. In particular, every toric variety admits a pullback component
in Fq(X,L) for a suitable L.
Actually, the proof of Corollary 3.1 contains a characterization of the
split foliations which can be obtained as pullback by equivariant projections:
Proposition 3.4. Let X be a complete toric variety of dimension n ≥ 3
and F a foliation in X. Suppose further that
T F ≃
n−|S′|−q⊕
j=1
O(βj)
⊕(⊕
i∈S′
O(deg(xi)
)
for some set S′ consisting of maximal divisors. Then there exists a set S of⋃
i∈S′ ∆(i) with |S| ≤ |S
′|, a foliation G in
⋂
i∈S Di 6= ∅ (dim
(⋂
i∈S Di
)
≥ 2),
and an equivariant linear projection p : X →
⋂
i∈S Di such that F = p
∗G.
Proof. We can repeat the argument in the previous proof, but we may have
to pick a smaller S in order to guarantee that dim
(⋂
i∈S Di
)
≥ 2.
Remark 3.5. The set S may not be unique: the same foliation could be
a pullback from two non-isomorphic (although birational) T -divisors at the
same time.
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Example 3.3. As mentioned at the beginning of this section, we can recover
the linear pullbacks Pn+m 99K Pn a special case of Corollary 3.1 by setting
X = Pn+m and S = {1, . . . , n}.
Example 3.4. Let C be an irreducible component of Fq(P
n, d) whose generic
element satisfies the hypothesis of Theorem 3.3 (for q = 1) or Theorem 3.4
(for q > 1) . Combining Corollary 3.1 with Example 3.2 we can conclude
thatthe closure of its pullback by linear projections Blp(P
n+1) 99K Pn is an
irreducible component of the corresponding moduli space Fq(Blp(P
n+1), β).
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